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Abstract. Grothendieck first defined the notion of a "motif" as a way 
of finding a universal cohomology theory for algebraic varieties. Al- 
though this program has not been realized, Voevodsky has constructed 
a triangulated category of geometric motives over a perfect field, which 
has many of the properties expected of the derived category of the con- 
jectural abelian category of motives. The construction of the triangu- 
lated category of motives has been extended by Cisinski-Deglise to a 
triangulated category of motives over a base-scheme S. Recently, Bon- 
darko constructed a DG category of motives, whose homotopy category 
is equivalent to Voevodsky's category of effective geometric motives, as- 
suming resolution of singularities. Soon after, Levine extended this idea 
to construct a DG category whose homotopy category is equivalent to 
the full subcategory of motives over a base-scheme S generated by the 
motives of smooth projective S-schemes, assuming that S is itself smooth 
over a perfect field. In both constructions, the tensor structure requires 
Q-coefncients. In my thesis, I show how to provide a tensor structure 
on the homotopy category mentioned above, when S is semi-local and 
essentially smooth over a field of characteristic zero. This is done by 
defining a pseudo-tensor structure on the DG category of motives con- 
structed by Levine, which induces a tensor structure on its homotopy 
category. 



Acknowledgements 



I would like to thank my advisor Marc Levine for enlightening me with 
his infinite knowledge, helping me unconditionally whenever I needed and 
being very supportive and motivating. 

I am very grateful to the Department of Mathematics of Northeastern 
University for providing me with financial support during my graduate stud- 
ies. I would also like to thank my fellow graduate students and friends for 
always being helpful and encouraging. 



3 



Dedication 



Dedicated to my beloved grandma Juthika Ganguly who 
taught me to be patient and perseverant. 
It is also dedicated to my parents Pranab and Jayati 
Banerjee whose patient support and constant 
encouragement has been with me all the way since the 
beginning of my studies. 



5 



Contents 



Acknowledgements 3 

Dedication 5 

Table of Contents 7 

Introduction 9 

Chapter 1. DG categories of motives 11 

1.1. Preliminaries 11 

1.1.1. DG categories 11 

1.1.2. The category Pre-Tr(C) of DG complexes 13 

1.1.3. DG categories and triangulated categories 14 

1.1.4. Sheafification of DG categories 16 

1.2. Cubical enrichments in DG categories 17 

1.2.1. Cubical categories 17 

1.2.2. Cubes and complexes 17 

1.2.3. Multiplications and co-multiplications 20 

1.2.4. Extended cubes 22 

1.2.5. DG categories associated with cubical categories 22 

1.3. More on DG categories and cubical categories 23 

1.3.1. Homotopy invariance 23 

1.3.2. Multi-cubes 25 

1.3.3. The extended DG category 26 

1.3.4. Extended multi-cubical complexes 28 

1.4. DG categories of motives 29 

Chapter 2. Pseudo-tensor structure 33 

2.1. Pseudo-tensor structure on DG categories 33 

2.2. Pseudo-tensor structure on DG complexes 39 

2.3. Pseudo-tensor structure on the category C prctr 45 

2.4. Pseudo-tensor structure in the category dg e C 49 

Chapter 3. Tensor Structure on Smooth Motives 55 

3.1. Main Theorem 55 

3.2. Future directions 56 

Bibliography 57 



7 



Introduction 



Although this program has not been realized, Voevodsky has constructed 
a triangulated category of geometric motives over a perfect field, which has 
many of the properties expected of the derived category of the conjectural 
abelian category of motives. The construction of the triangulated category 
of motives has been extended by Cisinski-Deglise ([CD07]) to a triangulated 
category of motives over a base-scheme S. Hanamura has also constructed 
a triangulated category of motives over a field, using the idea of a "higher 
correspondence", with morphisms built out of Bloch's cycle complex. Re- 
cently, Bondarko (in [Bon09] ) has refined Hanamura's idea and limited it to 
smooth projective varieties to construct a DG category of motives. Assum- 
ing resolution of singularities, the homotopy category of this DG category 
is equivalent to Voevodsky's category of effective geometric motives. Soon 
after, Levine (in [Lev09]) extended this idea to construct a DG category of 
"smooth motives" over a base-scheme S generated by the motives of smooth 
projective S-schemes, where S is itself smooth over a perfect field. Its ho- 
motopy category is equivalent to the full subcategory of Cisinski-Deglise 
category of effective motives over S generated by the smooth projective 
S-schemes. Both these constructions lack a tensor structure in general. 
However, passing to Q-coefficients, Levine replaced the cubical construction 
with alternating cubes, which yields a tensor structure on his DG category. 

In [BV08], Beilinson and Vologodsky constructs a "homotopy tensor 
structure" on the DG catgegory of Voevodsky's effective geometric motives. 
That is, they constructed a "pseudo-tensor structure" (see Definition 2.1.2) 
on the DG category V_m (defined in [BV08], § 6.1), such that the corre- 
sponding pseudo-tensor structure on its homotopy category is actually a 
tensor structure. 

In the following, we construct a pseudo-tensor structure on a DG cate- 
gory dg e Cor$ which induces a tensor structure on the homotopy category of 
DG complexes, such that, in case S is semi-local and essentially smooth over 
a field of characteristic zero, it induces a tensor structure on the category of 
smooth motives over S. Thus, we prove 

Theorem 1. Suppose S is semi-local and essentially smooth over a field 
of characteristic zero. Then, there is a tensor structure on the category 
SmMot e ^ n {S) of smooth effective geometric motives over S making it into 
a tensor triangulated category. 
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See Theorem 3.1.1 and corollary 3.1.2 for a more precise statement. 
The pseudo-tensor structure is constructed in two main steps: 

• We show that a pseudo-tensor structure on a DG category C induces 
a pseudo-tensor structure on the catgeory Pre-Tr(C) (defined in 
1.1.2). Then we prove that if the pseudo-tensor structure on C 
induces a tensor structure on the homotopy category H°C, then 
we have an induced tensor structure on K b {C). 

• For a tensor category C, with a cubical object with comultiplica- 
tion, Levine constructs a DG category dgC (see 1.2.5). We produce 
a pseudo-tensor structure on dg e C that induces a tensor structure 
on its homotopy category, assuming some additional technical con- 
ditions. Under these conditions, the DG categories dgC and dg e C 
are quasi-equivalent, so the homotopy categories of complexes are 
equivalent triangulated categories. 

In Chapter 1, we go over some basic definitions and recall Levine's con- 
struction of the DG category of smooth effective geometric motives over S. 
In Chapter 2, we define a pseudo-tensor structure on a DG category and 
show when it induces a tensor structure on the homotopy category. Then, 
we show how it induces a pseudo-tensor structure on the category Pre-Tr(C) 
and on C^ g (C) (defined in page 15). Next, we show that if the pseudo-tensor 
structure on C induces a tensor structure on the homotopy categ ory H°C, 
then the induced pseudo-tensor structure on C^ g (C) gives a tensor structure 

on its homotopy category K b (C). We also prove the existence of a homotopy 
tensor structure on dg e C for a tensor category C, with a cubical object with 
comultiplication. Finally, in Chapter 3, we give a proof of Theorem 1. 
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CHAPTER 1 



DG categories of motives 

1.1. Preliminaries 

1.1.1. DG categories. We begin by recalling some basic facts about 
DG categories. For a complex of abelian groups C £ C(Ab), we have the 
group of cycles in degree n, Z n C and cohomology H n C '. For complexes 
X,Y, we have the Horn-complex 

Uom c{Ah) (X,Y) n := Hom Ab (A p , Y n+P ) 

v 

and differential 

dxAf) :=dyo/-(-l) dcg/ /od x . 

Assigning the morphisms to be the group of maps of complexes 

Hom c(Ab) (A,Y) := Z°Hom c{Ah) (X, Y)* . 

gives us the additive category C(Ab). 

C(Ab) has the shift functor X ^ X[l] with X[l] n := X n+1 and dif- 
ferential d^^j := — d 1 ^ 1 , and for a morphism / = {f n : X n — > Y n },f[l] : 

X[l] — > Y[l] is defined as /[l] n := / n+1 . For a morphism / : X — >• Y, we 
have the cone complex Cone(/) with Cone(/) n := Y n ® X n+l and differential 

d := ( J I • and the cone sequence 

V d m J 

X -4 Y -4 Cone(/) 4 X[l\. (1.1.1) 

Tensor product of complexes X* <g> Y* is defined by (X* ® Y*) n := 
Q) i+ j =n X l <g> Y 3 , with differential given by the Leibniz rule 

d(a ® 6) = da ® 6 + (-l) dega a ® d&. 

The commutativity constraint ryy : AT* Y* — » Y* £g> A* is given by 

7X,y(a®6) = (-l) dega ' deg6 &<8>a. 

This makes C(Ab) into a tensor category. 

A pre-DG category C is a category in which, for objects X, Y, one has 
the Horn complex 

Hom c {X,Y)* G C(Ab) 
and for objects X, Y, Z in C, one has the composition law 

o X ,Y,z ■■ Hom c (Y, Z)* ® Kom c (I, Y)* -»• Uom c {X, Zf. 
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The map oxy,z is a map of complexes, that is, we have the Leibniz rule, 

d(fog)=dfog + (-l) d ^ffodg. 

Also, the map °x,Y,z is associative and there is an identity element i&x G 
Z°T-Lomc(X, X)°. A DG category is a pre-DG category admitting finite 
direct sums. If C is a (pre-)DG category, we have the opposite (pre-)DG 
category C op with 

Uom C op(X,Y) n := Uom c {Y, X)~ n . 

Letting f op : X — > Y be the morphism in C op corresponding to a morphism 
/ : Y — > X in C, the differential d°P is given by 

d op (f op ) = {df) op 

and the composition law is 

f°P o g op := (_l) dc S/' de S9( 9 o f)°P. 

We have the DG category C^ 9 (Ab) with Horn-complexes as defined 
above and composition law induced by the composition law in Ab. 

A DG functor F : A — > B is a functor of the underlying pre-additive 
categories such that the map F : Hom^X^Y)* %om B (F(X),F(Y))* is 
a map of complexes for each pair of objects X, Y in A. 

Suppose that A and B are small DG categories. A degree n natural 
transformation of DG functors F,G : A —> B, 

$:F^G, 

is a collection of elements 

G Hom B (F(X),G{X)) n ; lei 

such that, for each / € T-Lom^(X ,Y) m , one has 

G(f)o0(X) = (-l)™0(Y)oF(f). 

For i):F->Ga degree n natural transformation, we have the degree n + 1 
natural transformation tit? : F — > G with 

d$(X) := (i(^(A)); lei, 

giving us the complex 

Mat(F, GO* := ^o?n DGFun(AB) (F, G)* 

of natural transformations. The composition in 23 induces a composition law 

Afat(G, H)* ® Nat(F, G)* Nat(F, H)* 

giving us the DG category of DG functors DGFun(A, B). 

For a DG category C, one has the additive categories Z°C and i/°C with 
the same objects as C but with morphisms 

Hom z o c (A,y) := Z 0, Homc(X, Y)* 

and 

Hom H o c (A,y) := H -Hom c (X,Yy . 
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A DG functor F : A — > B induces functors of additive categories Z°F : 
Z°A -»■ Z°B and H°F : H°A -> H°B. This makes Z° and H° into functors 
from DG categories to additive categories. 

1.1.2. The category Pre-Tr(C) of DG complexes. 

Definition 1.1.1. Let C be a DG category. The DG category Pre-Tr(C) 
has objects £ consisting of the following data: 

(1) A finite collection of objects of C, {Ei, N < i < M} (N and M 
depending on £). 

(2) Morphisms e^- : Ej — ^ Ei in C of degree j — i + 1, N < i, j < M, 
satisfying 

(-Ifdeij + ^ e ik ekj = 0. 

k 

For objects £ := {Ei, eij}, F := {F{, fy}, a morphism <p : £ — > J 7 of degree 
n is a collection of morphisms <£>jj : — > Ei of degree n + j — i in C. 
Composition of morphisms (f : £ — > F, ip : F — > G is defined by 

(ip o ip)ij := ^Vifc Vfci- 
fe 

Given a morphism ip : £ — s> J 7 of degree n, define dj^ t £((p) € Honip re _ Tt { ( ;) (£> F) 
as the collection 

dF,e{v)ij ■= (-t) l d{<Pij) + ^2 hWkj - (-1)™ ^2 Eikekj- 

k k 

For an object £ in Pre-Tr(C) and n € Z, we define an object £[n] by 

(£[n])i := -En+i, e[n]ij := (-l) n e n+i>n+j : (£[n])j -> (£ [n])». 

Let 5, J 7 be objects in Pre-Tr(C) and ip € Z°Homp ie _ Tl ^ c -j(£, F). We define 
an object Cone(ip) in Pre-Tr(C) as 

Cone^i := Fi©£?[l]i cone^j := f ^ ^j^ 1 ^ : Cone(ip)j -> Cone(V)* 
We have the cone sequence of morphisms in Z°Pre-Tr(C): 

5 ^> J" -4 CW(^) A S[l] 
with i and p the evident inclusion and projection. 

Proposition 1.1.1 ([Bon09], Proposition 2.2.3 ). Let Tr(C) := H°Pre-Tr(C) 
be the homotopy category of Pre-Tr(C). Then, Tr{C) is a triangulated cate- 
gory, with translation functor induced by the translation defined above, and 
with distinguished triangles, those triangles which are isomorphic to the im- 
age of a cone sequence. 

We have an inclusion i$ : C Pre-Tr(C) given by iq(E) = {Eq = E; eoo = 0}. 
Let C pretr be the smallest full subcategory of Pre-Tr(C) containing io(C) and 
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closed under taking translations and cones. This gives a fully faithful em- 
bedding i : C — > C pretr , since 

Hom CP ^(i(E),i(F))* = Hom c (E,F)* 

Clearly H°C pTCtT is a full triangulated subcategory of H° Pre-Tr(C). 

1.1.3. DG categories and triangulated categories. In this section, 
we recall some basic constructions involving DG categories and triangulated 
categories. 

Let C be a DG category. 

Definition 1.1.2. For a DG category C, we define a C-module to be a 
DG functor M : C -> C dg (Ab). We denote by C dg (C) the DG category of 
C op -modules: 

C dg {C) := DGFun(C°P,C dg (Ab)). 

The operations of translation and cones in C dg (Ah) induce these oper- 
ations in the functor category C dg (C): 

M[1](E) := M(E)[1] 

and for ip : M — > N a morphism in Z°C dg (C), 

Cone{ip){E) := Cone{ip{E)) 

Similarly, we have the cone sequence 

M ^ N -4 Cone(V>) A M [1] 
with value at E G C the cone sequence 

M(E) N(E) 4 Cone{i>{E)) 4 M(£)[l] 

in Z°C dg (Ab). 

Let K(C) := H°C dg (C) be the homotopy category. With translation 
functor induced from that of C dg (C) and distinguished triangles those se- 
quences isomorphic to the image of a cone sequence, K(C) becomes a trian- 
gulated category (see [Kel94], §2.2 ). 

Let AcK{C) C K{C) be the full subcategory with objects the functors 
M such that M(A) is acyclic for all A € C, that is, H P (M(A)) = for all p. 
It is easy to see that AcK(C) is a thick subcategory of K(C). 

Definition 1.1.3 ([Kel94], §4.1). The derived category D(C) is the local- 
ization of K (C) with respect to quasi-isomorphisms, that is, 

D{C) = K(C)/AcK(C). 

A representable C op -module is a functor A y := Homc(_, A) for some 
object A € C. Sending A to A v defines a fully faithful embedding of DG 
categories 

C -> C dg (C). 
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Let C h dg {C) be the smallest full DG subcategory of Cd g {C), containing all the 
objects A v and closed under translations and cones. Let K b (C) := H°C dg (C) 
be its homotopy category, giving us a full triangulated subcategory of K(C). 
We let K b (C) ess C K(C) be the full subcategory of K(C) with objects 
those objects of K(C) which are isomorphic to an object of K b (C). Clearly 
K b (C) ess is a full triangulated subcategory of K b {C) and the inclusion 

K b {C) -»■ K b {C) ess 

is an equivalence of triangulated categories. 

We have a fully faithful embedding i pTCtT : C prctr — > Cd g (C) given by 

£ i — ^ Hom,Q P Tctr(i (_),£)* 

The composition iP Ictr o i is the functor A i— > j4 v . 

Proposition 1.1.2 ([Lev09], Prop. 2.12). i. XTie embedding jP rctr induces 
an equivalence of DG categories 

<P ■■ C prctr — ► C^C) 

and an equivalence of triangulated categories 

H°<p : H°C pTCtT — ► A'^(C) 

2. TTie evident functor 

K b dg (C) -+ D(C) 

is a fully faithful embedding. 

Recall that a quasi-equivalence of DG categories is a DG functor 

F : A—* B 

which is surjective on isomorphism classes and for each pair of objects X,Y £ 
A, the map 

Fa,b : Hom A (X,Y)* -> Hom B (F(X), F(Y)) 

is a quasi-isomorphism. Clearly, a quasi-equivalence induces an equivalence 
on the homotopy categories 

H°F : H°A -»• fl°B. 

Proposition 1.1.3 ([Toe07, proposition 3.2] see also [Lev09, theorem 2.14]). 
A quasi-equivalence F : A — > B induces an equivalence of triangulated cate- 
gories 

K b dg (F):K b dg (A)^K b dg (B). 
15 
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1.1.4. Sheafification of DG categories. Let n i— > A n , n h-> B n be 

cosimplicial abelian groups, giving us the diagonal cosimplicial abelian group 
n i — y A n ® B n , which we denote as n i— > (A ® £>) n . The Alexander- Whitney 
map is a quasi-isomorphism of complexes 

AW : {A*,d) ® (5*, d) -> ((A (g) B)*,d) 

and is defined as follows: for each pair (p,q), let 5p p+q : \p] — > [p + g] and 
: [^] ~~ ^ iP + ?] be the maps 

S l,p+q(i) = h $q,p+qti) = P + 3- 

The sum of the maps 

A(5l p+q ) ® B(<% p+g ) : A* ® B* A*+' ® 

is easily seen to give the desired map of complexes AW. We will not need 
the fact that AW is a quasi-isomorphism. See [Wei94], §8.5.4 for more 
details. 

If now n 1— > {A*) n is a cosimplicial object in C(Ab) (a cosimplicial 
complex), the cosimplicial structure gives a double complex A** with second 
differential coming from the cosimplicial structure, and the associated total 
complex Tot (A**). Given two cosimplicial complexes n h-> (A*) n , n 1— > 
(B*) n , the AW map gives a map 

AW a ,b ■ Tot (A**) ® Tot (£>**) -> Tot ((A ® B)*)*), (1.1.2) 

however, one needs to introduce a sign: for a € (A p ) n , b € (B q ) m 

AW A , B { a ® h ) = (-l) qn AW AP ,Bi{a®b). 

Following [Lev09] , we use the Godement resolution to give a good global 
model for a sheaf of DG categories. In particular, for a complex of sheaves 
T* on a topological space X, we have the cosimplicial Godement resolution 

and the associated total complex of sheaves on X Tot(G* (J 7 *)). 

Given sheaves J-\, T 2 on X, the naturality of the Godement resolution 
gives us a canonical map of cosimplicial sheaves 

n 1 y U n (T h T 2 ) : G n (F\) ® G n {T 2 ) -)• G n (^ ® F 2 ). 

For complexes of sheaves J-f , .F| , one extends this to a map of cosimplicial 
complexes by introducing the appropriate signs: 

U n (J=J , 7" 2 * ) a ' b : G"(J?) ® G"(J|) -> G n (Fi ® jf) 

U n (JJ, .F|) a ' 6 := (-l)" a U n (7?,^*) 

Composing with the signed Alexander- Whitney map (1.1.2) gives us the 
map of complexes 

AW : Tot(G*(JT)) ® Tbt(G*(Jj)) -> Tbt(G*(Jj ® (1.1.3) 
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1.2. Cubical enrichments in DG categories 

1.2.1. Cubical categories. We first define the "cubical category" Cube. 
It is a subcategory of Sets with objects n := {0, 1}™, n > an integer, and 
morphisms generated by 

(1) Inclusions: f] n ,i^ '■ Tk n + 1 , e G {0, 1}, 1 < i < n + 1, 

Vn&eiyi, ■ ■ ■ ,y n ) = (yi> • • • ,yi-i,t,yu ■ ■ ■ iHn) 

(2) Projections: p n , : re — > n — 1 , 1 < i < re, 

Pn,i(yi) • • • ,2/n) = (yi> • • • ,yi-i,yi+i, ■ ■ ■ ,y n ) 

(3) Permutation of factors: (yi, . . . ,y n ) h-> (y CT (i), . . . , y a (i)) for a G S„. 

(4) Involutions: T nj j : re — >• n exchanging and 1 in the i th factor. 

Definition 1.2.1. For a category C, we call a functor i* 1 : Cube op — > C a 
cubical object of C and a functor G : Cube ->Ca co-cubical object of C. 

Remark 1.2.2. 1. Defining a morphism of (co)-cubical objects to be a nat- 
ural transformation gives us the category of (co) cubical objects in a (small) 
category C. 

2. Replacing Cube with the fc-fold product category Cube fc gives us the 
categories of /c-cubical objects in C and the category of /c-co-cubical objects 
in C. 

3. The product of sets makes Sets a symmetric monoidal category of which 
Cube is a symmetric monoidal subcategory. 

1.2.2. Cubes and complexes. Let A be a pseudo-abelian category 
and A : Cube op — > A a cubical object. Let (A* id) be the complex with 
An := A(r) an d 

n 
i=l 

For e G {0, 1}, define -K e n i := p* n i o rj* i e : A(n) ->• A(n) and let 

vr„, m := (id - i^ n ,m) ° ■ ■ ■ o (id - ir nA ) 

Note that ir^ li are commuting idempotents, and that (id — ft n i)(A(n)) C 
ker7/*_ ljij£ since o 77 n _ M>e = id. 

Let I = (ii, . . . , i m ) be an m tuple of integers 1 < i\ < . . . < i m < n, 
and let 

Pn,l :n^m 
be the corresponding projection. Let 

rj n j : m — > re 
17 
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be the inclusion defined by 

%vr(ei, • • • ,e m ) = (?? m ,/(e*) (e*)n) Vm,i(e*)i 



ej if i = for some j 
else. 



The collection of maps {p n ,i} for fixed n form an n-cube of maps, which 
is compatibly split by the maps {rj n ,i}, in the sense of [GL01, §5.6]. The 
following result follows directly from [GL01, proposition 5.7]. 

Lemma 1.2.1. Let A : Cube op —¥ A be a cubical object in a pseudo-abelian 
category A. 

1. For n > 1 and 1 < m < n, there are well well-defined objects 

Al m := n™ =1 ker t t w ci(n), 
m 

■= E^U(n^l))cA(n). 

i=l 

WesetA°:=Al n ,A^ :=A%?. 

2. For each n, m, ir n ^ m maps A(n) to A^ m and defines a splitting 

A{lL) = An C ,m © An,m- 

3. d n {^lJ = Q,d n (£ n+l )cA? n 

Definition 1.2.3. For a cubical object A '• Cube op — > A in a pseudo-abelian 
category A, define the complex (^4* , d) to be 

A, :=AJA^ Cgn . 

Lemma 1.2.1 shows that A* is well-defined and is isomorphic to the 
subcomplex Q4°,d) of (A*,d). Note that d n = J2i=i(-) i ~ 1 ' l ln,ifi on A n+i- 
We have the map of complexes 

A : A -> A* 

viewing Aq as a complex concentrated in degree 0. 

We now take A to be the category of complexes in an abelian category 
Aq (with some boundedness condition b, +, — , 0. Applying the total complex 
functor to the map A gives us the map 

A : A -»• Tot(A,). (1.2.1) 

Lemma 1.2.2. Suppose that for each n, the map i n : — > n with image n 
induces a quasi-isomorphism 

A(i n ) : A n -> A 
Then the map (1.2.1) is a quasi-isomorphism. 
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Proof. For each m, let 

A {m) {n):=A(n)/ ^ p* nJ (A(m)). 
I=(h,...,i m ) 

This defines 

A( m ) : Cube — > A 
with A( m )(n) = for n < m and with 

{A( m ))n = A n 

for n > m. 

For m = 0, the unique projection p n : n — > is split (by any inclusion 
in '■ — > n), so we have the direct sum decomposition of cubical objects 

A = A A ( o) 

where we consider Aq as a constant cubical object. Since p* n : Ao — > ^4(n) is 
a quasi-isomorphism, it thus follows that ^4(o)(zi) is acyclic for all n. 

We now show by induction on m that ^4( m ) (n) is acyclic for all n and m. 
Indeed, by construction, the sum Z)r=(i 1) ...,i m ) in ^(m-i)(n) 

is a direct sum of copies of ^4( m -i)(?2l)- As ^4( m _i)(rn) and ^4( m _i)(n) are 
acyclic by the induction assumption, the induction goes through. 

In particular, the complex A n := A^ n _i^(n) is acyclic for n > 0, and thus 
the total complex of the double complex A*, * > 1, is acyclic. As this latter 
complex is quasi-isomorphic to the cone of the map A : Aq — > Tot (^4*), the 
map A is a quasi-isomorphism, as claimed. □ 

If we have two cubical objects A, B_ : Cube op — > C in a tensor category 
C, we can define a diagonal object A® B as 

A ® B (n) := A(n) (g> B(n), 

and on morphisms by 

A®B (f) :=A(f)®B(f). 

Let p\ m : m + n — > n and p\ m : m + n — > m be the projections onto the 
first n and last m factors respectively. Let 

^"ab '■ MBl) ® 2i(«i) -> + m ) ® B(n+_m) 

be the map m ) <g> ^(p^ m ). Taking direct sum of U^'^ over n, m yields 
a map of complexes 

Ua.b :A*®B»^ A®B * (1.2.2) 
with an associativity property 

Ua®b,c ° (Ua,s ® idcj = LU,b®c (irfA, ® Ub,c) 
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1.2.3. Multiplications and co-multiplications. In this section, we 
fix a co-cubical object n i— >• (denoted □*) in a tensor category (C, ®), 
such that D is the unit object with respect to <g>. 

Definition 1.2.4. A multiplication \i on □* is a collection of morphisms 
which are 

(1) bi-natural: Let / : n — > p be a morphism in Cube, giving the 
morphism / x id : n + m —> p + m. Then the diagram 



/®id 
□p <g) D m 

commutes. 
(2) associative: The diagram 



/xid 



□P+r 



CP <g> D n ® U m UP +n ® D m 



id®ju n ,, 



|— |P+n+m 



commutes. 

(3) commutative: Let r nim : n + m — >■ n + m be the morphism in 
Cube defined as the composition 

n + m = nxm-^mxn = n + m 

where a is the symmetry isomorphism in Sets. Let t n ^ m : ® 
□ m — > n m ® be the symmetry isomorphism in the tensor cate- 
gory C. Then the diagram 



commutes. 

(4) unital: Let \i n : d° ® C n — > C n be the identity isomorphism in C. 
Then the composition 



D n ^D°« U n ^ CT 



is the identity. 
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Definition 1.2.5. Let □* <g> □* be the diagonal co-cubical object n i-> 
□ n (g> □". A co-multiplication 5* on □* is a morphism of co-cubical objects 

8* : □* -> □* ® □* 

such that 5* is 

(1) co-associative: The diagram 

□* □* ® □* 

□* <g> □* 3- □* ® □* <8> □* 

(2) co-commutative: Let t be the commutativity constraint in (C, <8>). 
Then the composition 

□* A □* ® □* □* <g> □* 

is the identity. 

(3) co-unital: Let p n : n — > := {0} be the projection. The composi- 
tion 

U n ^ U n ® D n D ® D n ^> D n 

is the identity. 

Let 

Pn,m '■ n + m — > n, p^ m : n + m — >■ m 

be the projections on the first n (resp. the last m) factors. Given a co- 
multiplication 5* on □*, we have the maps 

<5 n , m : U n+m ^U n ®U m 

defined as the composition 

Definition 1.2.6. A bi-multiplication on □* is a multiplication /i** and a 
co-multiplication 5* on □* such that n n>m and 8 n , m are inverse isomorphisms, 
for all n, m > 0. 

Remark 1.2.7. Clearly a co-cubical object □* with a bi-multiplication 
(//**, 5*) is canonically isomorphic, as a co-cubical object with bi-multiplication, 
to the co-cubical object 

with a bi-multiplication of the form (id, 5*). 
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1.2.4. Extended cubes. 

Definition 1.2.8. Let ECube be the smallest symmetric monoidal sub- 
category of Sets having the same objects as Cube, containing Cube and 
containing the morphism 

m : 2 — > 1 

defined by multiplication of integers: 

m((l, 1)) = 1; m((a, b)) = for (a, b) + (1, 1). 

An extended cubical object in a category C is a functor F : ECube op —¥ C, 
and an extended co-cubical object in C is a functor F : ECube — > C. 

If □* is an extended co-cubical object in a tensor category C, a multi- 
plication, resp. co- multiplication, resp. bi-multiplication on □* is defined 
as for a co-cubical object in C, with all functorialities and naturalities ex- 
tending to ECube. Concretely, a co-multiplication 5* : □* — s> □* ® □* is 
required to be a morphism of extended co-cubical objects and a multiplica- 
tion is required to satisfy the bi-naturality condition of definition 1.2.4(1) 
with respect to all morphisms in ECube. 

1.2.5. DG categories associated with cubical categories. The 

category of cubical abelian groups Ab Cube P carries the structure of a 
symmetric monoidal category in the following way: If we have two cubi- 
cal abelian groups n i— > A(n),n i— >• B(n), the tensor product A <8> B is the 
cubical abelian group n h- > A(n) <g> B(n), with morphisms acting by 

g(a (g) b) = g(a) <&g{b). 

A cubical category is a category C enriched with cubical abelian groups. 
Explicitly, for objects X, Y in C, we have cubical abelian groups 

Hom (X,Y. ) : Cube op -> Ab 

n i — ^ Hom c (X, Y, n) 

with the following property: 

For each object X in C, we have an element idx € Hom c (X, X, 0) and we 
have an associative composition law, for objects X, Y, Z, 

2x,y,z : Hom (Y, Z, _) <g> Hom(X, Y, J -> Hom (X, Z, _) 

with fo xx z id x = f and id z o x z z g = g. 

There is a functor C ^ Co from cubical categories to pre-additive cate- 
gories, where Co has the same objects as C and 

Hom Co (X,Y) := Hom c (X,Y,0). 

A cubical enrichment of a pre-additive category C is a cubical category C 
with an isomorphism C ~ Co- 

We can associate a DG category to a cubical category C. For objects 
A, Y in C, let Homd g c(X, Y)* be the non-degenerate complex Hom c (X, Y)* /Hgm c (X, Y)^ 
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associated to the cubical abelian group n i-> Hom c (X, Y, n) . We have the 
composition law 

°x,Y,z ■ Hom dgC (Y, Z)* ® Hom dgC (X,Y)* -> Hom dgC (X, Z)* 

induced by o XY z an d the product (1.2.2). 

It is easy to check that the complexes Hom dg c(X, Y)* together with the 
above composition law defines a DG category dgC with the same objects as 
C. 

We now show how to construct a cubical category and hence a DG 
category from a tensor category with a co-cubical object. 

Let □* be a co-cubical object with a co-multiplication 5. Defining 

Hom(X,Y,n) := Hom c (X ®LT\Y) 

gives a cubical abelian group n \— > Hom (X, Y, n). Let Hom(X,Y)* be the 
associated complex. The co-multiplication gives a map 

°x,Y,z '■ Hom c (Y, Z, *) ® Hom c (X, Y, *) -> Hom c (X, Z, *) 

by sending / ® £ Horrir (Y, Z, n) ® Homr (X, Y, n) to the morphism 

Proposition 1.2.3. Zet (C, ®) 6e a tensor category with a co-cubical ob- 
ject □* and a co-multiplication 5 on □*. Then, the cubical abelian group 
Hom (X, Y, _) with the composition law °x,Y,z defined above describes a cu- 
bical enrichment of C. 

Thus, following the method described above, we get a DG category 
dgC = (C, ®, □*,£*)■ 

1.3. More on DG categories and cubical categories 

In this section, we give some variations on the theme of cubical categories 
and DG categories discussed in §1.2.5. Throughout this section, we fix an 
tensor category C with a co-cubical objects □* having a co-multiplication 5* 

1.3.1. Homotopy invariance. Let p\ : d 1 — s> D° be the map induced 
by 1 — >■ in Cube. For X E A4, let px '■ X ® D 1 — >■ X be the composition 

where /ix : X ® D ^ X is the unit isomorphism in C. 

Proposition 1.3.1. Suppose that □* is an extended co-cubical object of C 
and that 5* extends to a bi-multiplication 6*) on the extended co-cube 
□*. Then the map 

p\ : Hom dg c(X,Y)* -> Hom dgC {X ® D 1 , F)* 

is a homotopy equivalence. 



23 



1.3. More on DG categories and cubical categories 



Proof. We have the map iq := 770,1,0 : — > 1, sending = to € 1. 
We have the map ix ■= idx <8> io '■ X — > X (g □ . Clearly px ° ix = idx, 
hence i* x o p^c = id. To complete the proof, it suffices to show that p* x o 
is homotopic to the identity. 

For this, recall the multiplication map 

m : 2 ->• 1 

m(l, 1) = 1, m(a, b) = if (a, 6) / (1, 1). 
Consider the map 

q n : D 1 (8) D n+1 -> D 1 <g D n 
defined as the composition 

□ (g n n+i ^ □ <g □ (g : >• □ ® > □ (g) □". 

We thus have the map 

h n := q* : Hom dgC (X ® D 1 , Y) n Hom dgC (X <g □SiT+S 

which we claim gives a homotopy between the identity and p* x o i* x . 

To prove this, we note the following identities (we identify D° (g and 
□ a (g D° with D a via the unit isomorphism) 

(1) Let / : n — > m be a morphism in Cube and let f\ : = idi x /. Then 

q m o (id (g /1) = (id <g /) o q n . 
In particular, for z > 2, n > 1 and e £ {0, 1}, we have 
q n o (id <g> 77 nj i j£ ) = (id (g Jfo-i.i-i.e) Qn-l- 

(2) o (id (g r?n,i,i) = id 

(3) q n o (id <g VnXo) = (*o Pi) ® id 

In the additive category generated by Cube (which is a tensor category 
with product x), this gives the identity 

n n— 1 

g„o(id (g ^(-l) l (r/ n> j,i - 77n,i,i) + (id x ^(-l)*(»7n-l,i,i ~ Qn-i 

1=1 1=1 
= q n o (id x 77^1,0 - id (g ?7n,l,l) 

n n— 1 

+ q n o (id x ^J(-l)X?7n,i,l - ?7n,i,l)) + (id x ^(-1)^(^-1,^1 - %-l,i,l) Qn-i 
i=2 i=l 

= q n o (id x 77^1,0 - id x 77^,1,1) 

n—l n—1 

+ (id X ^(-l) t+1 (??n-l,i,l - »?n-l,i,l)) Qn-1 + (id X y"](-l)'(?7ra-l,i,l ~ ??n-l,i,l)) <?n-l 
i=l i=l 

= («o Pi - idi ) x id„ 
Therefore, the maps h n gives the desired homotopy. □ 
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Remark 1.3.1. Let ixo ■ X — > X ® D 1 be the map induced by zq := ??o,i,o : 
□° — y D 1 with image 0. As px °ixo = idx, it follows from proposition 1.3.1 
that 

i* xo : Hom dgC (X ® D 1 , Y)* -> Hom dgC (X,Y)* 
is a homotopy equivalence, assuming that we have a bi-multiplication on the 
extended cube □*. 

1.3.2. Multi-cubes. Next, we see what happens when we replace a 
cube with a multi-cube. Let C be a tensor category with a co-cubical object 
□*. Form the /c-cubical object 

(oi,...,a fc ) i-> Hom c (X ® D ai ® . . . ® D afe , Y) 

Taking the quotient by the degenerate elements with respect to each variable 
gives us the /c-dimensional complex 

Homc(X,Y)* u -'* k 

and then the total complex 

Hom c (X,Y)* k := TotHom c (X,Y)*--'* 

Take an integer k' with 1 < k' < k. Identifying ffomc^F)* 1 '"''**' with 
the ^'-dimension subcomplex Hom c {X, y)*iv,* fe /,o,...,o Q f Homc{X, Y)* 1 '-'* k 
induces the inclusion of total complexes 

\ k ,, k : Hom c (X,Y)* k , -»> tf m c (X, Y)£. (1.3.1) 

Lemma 1.3.2. Suppose that □* is an extended co-cubical object with a bi- 
multiplication. Then for 1 < k' < k, the map (1.3.1) is a quasi-isomorphism 
for all X and Y in C. 

Proof. We proceed by induction on k. For k = 1 there is nothing to 
prove and it suffices to prove the case k' = k — 1. 

Note that Homc(X,Y)1 is isomorphic to the non-degenerate complex 
total complex of the complex associated to the cubical object 

n ^ Homc(X ®n n ,Y)* k _ 1 : 

Home (X,Y)* k ^ Tot [Hom c {X g> □*, Y)£_ x ] . 

In addition, via this identity, the map Afc_i k is transformed to the map 
(1.2.1) 

A : HomciX^Y)*^ -»• Tot[Homc{X <g> □*, Y)fe_i]- 
By our induction hypothesis the map 

Ai, fc _i : Hom c (X <g> D n , Y)* -»• Ham c (X ® D n , Y)^ 
is a quasi-isomorphism for all X, Y and n. Also, 

Hom c (X □", Y)J = Hom dgC (X U n , Y)*, 
so by proposition 1.3.1, the map 

p; : Hom c (X, Y)\ -> Hom c (X ® D n , Y^ 
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is a quasi-isomorphism for all n. Our induction hypothesis thus implies that 

p* n :Homc(X,Y)t_ 1 ^Hom c (X®n n ,Y)* k _ 1 

is a quasi-isomorphism for all n. By lemma 1.2.2 the map A is a quasi- 
isomorphism, hence A&_i & is a quasi-isomorphism. □ 

1.3.3. The extended DG category. Next, we look at what happens 
when we add cubes to the target. Let C be an additive category with a co- 
cubical object n i-4 We define a new DG category dg e C, with the same 
objects as C. The Horn complexes are defined as follows: For each m, we have 
the non-degenerate complex Hom dgC {X, Y ® D m )*; let Hom c {X, Y ® n m )g 
be the subcomplex consisting of / such that 

p m<l o f = G Hom c (X, Y ® D™ -1 )*; i = 1, . . . , m. 

Let 

#om d3eC (X,y)P:= J] iT m dpC (X,Y<g>n m )o re ; 

m— n=p 

for / := (/„ G Hom c (X, Y ® LT+ n )~ n ), define d/ = ((<#)„ G Hom c (X, Y ® 
□ n+ P +1 )o n ) with 

n n+p 

(4f)n := ^(-l) J /n+l°( r /n,i,l- r ?r l ,i,o)-(-l) P ^ (-1)' (%+p,i,l ~??n+p,i,o) °/n, 
i=l i=l 

which we write as 

(#)„ = ° " (-l) P dy O f n] df := f O d X - (-l) P d Y O f. 

The composition (g m ) o (/ n ) with 

/„ G Hom dgC (X, Y <g> D n+p )o n C Hom c (X ® Y ® 

<? m G i/om d9C (y, Z ® D m+ % m C Fom c (y ® D m , , Z ® D m+9 ) 

is the sequence (g n +p ° fn), where we use the composition in C. One checks 
that this does indeed define a DG category, which we denote by dg e C. 

Remark 1.3.2. Note that contrary to the DG category dgC, we did not 
require a co-multiplication to define the composition law. 

Now assume that □* has a co- multiplication 5*. We define a DG functor 

F : dgC — > dg e C 

as follows: 

Suppose we are given / : X ® D n — > Y. Define F(f) := (F(f) m ), where 
F(f) m : X ® U n+m ->■ y ® D m 
is the map defined by the composition 

x®n n+m x®n n+m ®n n+m p "' m ^"' m > x®n n ®n m - midDm > y®n m . 

One checks that sending / to F(f) defines a map of complexes 
F XX : Hom dgC (X,Y)* -> Hom dgeC {X,Y)* 
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and is compatible with composition, giving us the DG functor 

F : dgC — »■ dg e C. (1.3.2) 

In many situations, the functor F is a quasi-equivalence of DG categories, 
that is, the induced map Fxy on the Horn-complexes is a quasi-isomorphism 
(in general, one also supposes that F is a surjection on isomorphism classes, 
but as F is a bijection on objects, this is immediate). 

We first require a definition 

Definition 1.3.3. Let □* be a co-cubical object in an additive category 
C, with a co-multiplication 5, giving us the DG category dgC. Call (□*,£) 
homotopy invariant if for all n and all X,Y in C, the morphism i n : — > n 
with image n induces a quasi-isomorphism 

i n , : Hom dgC (X, Y)* Hom dgC (X, Y ® D )* -> Hom dgC (X, Y □")* 

Proposition 1.3.3. Suppose thatO* is homotopy invariant. Then the func- 
tor (1.3.2) .F : dgC —7- <i<7 e C is a quasi-equivalence. 

Proof. Let 

vr-™ : ^om d9eC (X,y)- n -»■ Hom dgC (X,Yy n 

be the projection on the Homc(X (g> Y)-component; this gives us the 
map of complexes 

tt x ,y : Hom dgeC (X,Y)* -> Homd g c(X, Y)* 

with 7rx 5 y o Fx,y = id. To show that Fx,y is a quasi-equivalence, it suffices 
to show that, for a given element g = (g n ) € Hom dge c(X,Y) p with dg = 0, 
we can find an h € Hom dge c{_X,Y) p ~ l with g — F(ir(g)) = dh. 

For this, we note that 5' := g — F(ir(g)) has 7r(</) = 0, that is, the 
Homc(X ® y)-component of </ is zero. Let n > be the minimal 
integer such that the Homc(X <g> □™~ p , Y <g> □ n )-component of 5' is non- 
zero. Then the "X-differential" d x g' n of ^ in Hom c (X <g> □™-p- 1 ,Y ® 
□™) is zero, hence defines a cohomology class in H n ~ p (Hom dg c(X,Y 
□")*). Also, by definition, p n ,i(g n ) = 0> Du t since □* is homotopy invariant, 
the map on cohomology induced by p n \ is an isomorphism. Thus, there 
is an element h n € Hom dg c(X,Y <g> n™)™-?- 1 with dxh n = g' n . Using 
the splittings ^-i^i to p n ^ we can assume that h n is in the subgroup 
Hom dgC (X, Y <g> □ n )'o" p ~ 1 of of Hom dgC (X, Y <g> We view h n as 

an element of Hom dge c(X, Y) p ~ l by taking all other components to be zero. 

Now we can replace with g' with g" := g' — dh n giving us a new element 
such that the minimal m for which g" has a non-zero Home (X £g> □ m_p , Y (g) 
□ m )-component has m > n. Repeating, we construct a sequence of elements 
/i n € Homc(X,Y® n™))™"^" 1 with 

d(ftn) = G/») m Hom dgeC (X, Y) p , 
as desired. □ 
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1.3.4. Extended multi-cubical complexes. For later use, we com- 
bine the extended total complex construction with mult-cubes in the source. 
Let 

Hom c (X, Y <8> U m )l fl C Hom c (X, Y ® D™" 1 ^ 
be the intersection of the kernels of the maps 

p m:i : Hom c (X, Y ® U m )l -> Hom c (X, Y <g> D™ -1 ^ 
i = 1, . . . ,m, and let 

ffomc(X,y)£ )fflrt := J] ffo™ C (X,Y<g>L7")£. 

n+m=p 

We note that 

Hom dgeC (X,Y)P = Hom c (X,Y) p lext ; 

just as in the case k = 1, the differential in Homc(X <g> n\ m ,Y)t and 
the differential dy formed using the co-cubical structure m H >■ Homc(X tg) 
□ m ,Y)£: For / = (/„) G fl" om c (X, Y )* ext , with /„ G tf m c (X,Y® 

□ p+n )fc n , set 

(df)n ■= fn+1 ° d X ~ {-l) P d Y O /„. 

The maps (1.3.1) give rise to maps 

A fe , )fc , ext : Hom c (X, Y)^ ext -> Fom c (X, Y)^ ext (1.3.3) 
for 1 < fc' < fc. 

Proposition 1.3.4. Suppose that □* is an extended co-cubical object with 
bi-multiplication. Suppose further that □* is homotopy invariant. Then the 
map (1.3.3) is a quasi-isomorphism. 

Proof. By our assumption that □* is homotopy invariant, together 
with lemma 1.3.2, the map 

p w : Hom c (X,Y x D n )* k -> Hom c (X,Y)* k 

is a quasi-isomorphism for all X, Y, k and n. The same proof as we used 
in proposition 1.3.3 shows that the projection on the Homc(X, Y) ^-factor 
gives a quasi-isomorphism 

7T fe : Hom c (X,Y)* k cxt -> Hom c {X,Y)* k . 

In addition, the diagram 

F m c (X, Y)*, cxt tfomePf, Y)*, 

Hom c (X, Y)* iext F 0mc (X, Y)* 

commutes; as the maps 71"^, iry and A/v^ are quasi-isomorphisms, the map 
Afc',fc,ext is a quasi-isomorphism as well. □ 

28 



1.4. DG categories of motives 



1.4. DG categories of motives 

We briefly recall Levine's construction of the DG category of smooth 
motives over a base. Let S be a fixed regular scheme of finite Krull di- 
mension. Let Sm/S be the category of smooth S-schemes of finite type 
and Proj/S" C Sm/S be the full subcategory of Sm/S consisting smooth 
projective 5-schemes. 

Definition 1.4.1. For X, Y £ Sm/S, the group of finite correspondences, 
Cors(X,Y), is defined to be the free abelian group on the integral closed 
subschemes W C X x§ Y such that the projection W — > X is finite and 
surjective onto an irreducible component of X. 

The category Cors consists of the objects of Sm/S and has morphisms 

Hom Cors (X,y) :=Cor s (X,Y) 

where the composition of correspondences 

o : Cor s (X, Y) ® Cor s (Y, Z) -> Cor s (X, Z) 

is defined as 

WoW':= P xz*(p*xy(W) - xyz p* YZ (W)) 

where -xyz is the intersection product of cycles on X xj 7 xj 2 and 
PXYiPYZiPxz are the respective projections. 

The product x$ extends to finite correspondences, making Cors a tensor 
category. 

Assigning H\ s = A s gives a co-cubical object in Cors- In fact, Do 
extends to a functor 

□g : ECube -> Sm/S 1 
sending m : 2 — > 1 to the usual multiplication 

m s ■ □! -> msC^j y) = 

Since the tensor product in Cor^ arises from the product in Sm/S, we 
have the identity 

□3 = (n s f n ; 

the collection of identity maps thus gives a multiplication //**/g on the ex- 
tended co-cubical object The diagonal 

fag :n s ^n s x s n n s = n s ®n s 

gives the co-multiplication 5 on □*. It is easy to check that (//**, 5*) defines 
a bi-multiplication on the extended co-cubical object □*. 

Definition 1.4.2. We define the category dgCors = (Cors,(£>,0* s ,8*). Let 
dgPrCors be the full subcategory of dgCors with objects in Proj/5. 
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Proposition 1.4.1. 1. Corg is a tensor category 

2. The identity multiplication /x** and diagonal co-multiplication 5* define 
a bi-multiplication on the co-cubical object 

3. The co-cubical object 0* s is homotopy invariant. 

Proof. We have already remarked on (1) and (2). The proof of (3) 
follows the proof of the homotopy invariance of the simplicial Suslin complex 
given in [FVOO, lemma 4.1], which we recall for the convenience of the 
reader. 

Since Cor$ is an additive category with disjoint union of schemes induc- 
ing the direct sum, we may assume that X and S are irreducible. We need 
to show that, for i n : — > n the inclusion with image n , the map 

i w : Hom dgCors (X,Y)* -> Hom dgCors (X,Y ® □§)* 

is a quasi-isomorphism. 

Since O s +1 = DgOQj, we need only show that for the 0-section i : Y — > 
Y x A 1 = Y Xs Qjj, the induced map 

U : Hom dgCors (X,Y)* -> Hom dgCo r s (X, Y®D S )* = Hom dgCors (X,Y x S U S )* 

is a quasi-isomorphism. We show in fact that i* is a homotopy equivalence 
with homotopy inverse the map 

p* : Hom dgCors (X,Y x s D s )* -)• Hom dgCors (X,Y)* . 

As p 1f oi* = id, we need to show that i* o is homotopic to the identity on 
Hom dgC or s (X,Y x s n s y. 

For this, recall that Homc r s (X x§ Xs O l ) n is the free abelian 

group on the integral closed subschemes W C X x s X Y x 5 such that 
the projection W — > X x \H S is finite and surjective. Let 

p : D™ +1 -> □§ 

be the projection on the first n factors. We have the multiplication map 

vn s :U\x s U\^U\ 

giving us the map 

(j> u m s ) :U\x s U\^U\x s U\ 

sending (x,y) to (x,xy). 

For a cycle Z € Homc r s {X x§ □g,V xg D 1 ), we associate the cycle 
p*(Z) € Hom C or s (X x s n s +1 , Y x s D 1 ). Next, we apply the map 

q n : X x s U n + l x s Y x s n 1 -4 X x s D n s +1 x s Y x s D 1 
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defined as the composition 

X x U n s +1 xY xDl = X x □§ x 5 x 5 y x 5 

4lxD" s x s yx s D^x s Dj 

^> IxDjX S DsX S 7x s Dj 



= X x D™ +1 x y x Q^. 

We would like to form the cycle q n *(j>* (Z))] the problem is that q n is not a 
proper morphism. However one shows that the restriction of q n to a closed 
subset W of X x x Y x U l s which is finite over X x D^T 1 " is proper, 

which suffices. 

To see this, we note that q n is a morphism over X x x^Y, which 
reduces us to showing that the map (pi,ms) is proper when restricted to 
a closed subscheme W C do X5 □ which is finite over via the first 
projection. We may enlarge W, and thus we may assume that W is given 
by a monic equation of the form 

n-l 

f{X u X 2 ) :=X^ + Y j a i {X 1 )Xi = Q ] } Oi(Xi) €fc[Xi]. 
i=0 

The map (pi,ms) restricted to Ty is then given by the map 

(pi,m 5 )* :*:[T 1> r 2 ]->fc[^i.^2]/(/) 

sending Ti to X\ and T2 to X\X 2 , so it is clear that k[X\,X 2 \/(f) is a finite 
k[T\, T 2 ] -module. We therefore have the well-defined map 

K := q n *op* : #om Cors (Xx rx s tf) -> i7 m Cor . s (Xx 5 ng +1 , y x s tf; 

The maps fa n satisfy the following relations: 

(1) Let / :n->mbea map in Cube, giving the map / x id : n + 1 — > 
m + 1 , and maps 

/* : i?om Cors (l x s D n s ,yx s DV Hom Cors (X x s O%,Yx s O\ 

(/ x id)* : tf m Cors (Ix s Df,yx s DV 5«n c „ s (X x s D™ +1 , Y x 5 D 1 
Then 

h m of* = (fx id)* o /i n . 

( 2 ) <n+l,l = id > <n+l,0 ° h n = U op*. 

The relation (1) applied to the projections p n> j shows that the maps h n 
descend to maps on the non-degenerate quotients 

h n : Hom dgC or s (X,Y x s Dg)~ n -> Hom dgC or s (X, Y x s Dg)~ n ~ 1 . 

The relations (1) and (2) show that the collection of maps (— l) n+1 h n give 
a homotopy between id and i* op*. □ 
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Let S be a fixed regular scheme of finite Krull dimension. Fix a Grothendieck 
topology t on some full subcategory Opn T s of Seng. Suppose we have a pre- 
sheaf of DG categories U — > C(U) on S T . For objects X and Y in C(5), we 
have the presheaf 

[/ :U Homc(u)(f*X,rY), 

which we denote by Hom^(X,Y). 

Let RT(S, C) be the DG category with the same objects as C(S) and 
with Horn-complex 

Hom Rr(s ,c)(X,Yy = Tot(G*(Horr£(X,Y))*(S)). 

The composition law is defined using the Alexander- Whitney map (1.1.3) 
composed with the composition law on the presheaf of DG categories U —> 
C(U). For a proof that the composition of morphism is an associative map 
of complexes, see [Lev09, §3.1] (but note that we have introduced a sign- 
correction in both the Godement resolution and the Alexander- Whitney 
map, which was missing in [Lev09, loc. cit]). 

Definition 1.4.3. We denote by dgPrCor the Zariski presheaf of DG 
categories 

U h4 dgPrCorjj 

The DG category of smooth effective motives over 5 is defined to be 
dgSmMotf := C b do {RT{S, dgPrCor J). 

taking r to be the Zariski topology on the category Oprig ar of Zariski open 
subsets of S. The triangulated category, SmMot g % l {S) of smooth effective 
geometric motives over S is defined as the idempotent completion of the 
homotopy category H°dgSmMotg . 

The triangulated category of smooth motives over S, SmMot grn (S) is 
the triangulated category formed by inverting ®L on SmMot c ^ n {S). 

Remark 1.4.4. Suppose that S = Spec Ox,v for X a smooth scheme of 
finite type over k, and v a finite set of points of X. Suppose that the field 
k has characteristic zero. Then by [Lev09, corollary 5.6] together with 
[FVOO, theorem 8.1], the natural functor 

T(S, dgPrCar ) -> RT(S, dgPrCor ) 

is a quasi-equivalence of DG categories. Thus, we have the quasi-equivalence 
of DG categories 

C b dg (T(S,dgPrCor s )) -> C b da {RT{S, dgPrCor J) = dgSmMotf 

and therefore the idempotent completion of H°C dg (T(S, dgPrCor )) is equiv- 
alent to SmMotg m (S). 
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CHAPTER 2 



Pseudo-tensor structure 

2.1. Pseudo-tensor structure on DG categories 

Definition 2.1.1 ([BD04], pg. 11-14). A pseudo-tensor structure on an 
additive category A is the following datum: 

(1) For any finite non-empty set /, an /-family of objects Xi & A, i E I, 
and an object Y € A, we have an abelian group Pf-({Xi}i^j, Y). 
[We denote P*({X t }? =1 , Y) := P^ n} ({X t } l£l ,Y).} 

(2) Given any surjective map of finite sets tt : J -» I, we have the 
composition map 

pfMhz) ® n p ^({^w^) — > J p/({^},^), (/,(^)) h- 

where Jj := 7r~ 1 (i). 
The following properties must hold: 

(1) The composition is associative: for another surjective map K — » J, 
{W k } an If -family of objects, and hj € P£.({W k } keKj ,Xj), we 

have ffafc)) = (f(9i))(hj) e P$({W k },Z). ' 

(2) For any object E € A, there is an element id E G Pf 4 ({^}, J B) with 
c^dg = such that for any / € Pf-({Xi},Y), we have idy(f) = 
f(id Xi ) = f- 

Now, let C be an additive DG category. We define the notion of a 
pseudo-tensor structure on C. 

Definition 2.1.2. A pseudo-tensor structure on C is the following datum: 

(1) For any finite non-empty set /, an /-family of objects I; £ C, 
i € J, and an object Y € C, we have a complex of abelian groups 

(pf({xa ie7 ,y)*,«9). 

[We denote P n c ({A,}™ =1 , Y)* := Pf h n} ({X 4 } ie/ , Y)*.] 

(2) Given any surjective map of finite sets tt : J — » /, we have the 
composition map 

PH{Y i },Zr^PS i ({X j } jeJi ,Y^^PS({X j },Zr+^, (/, (ft)) /(ft) 
iei 

where Jj := 7r — 1 (z) . 
The following properties must hold: 
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(1) The composition is a map of complexes: 

d(f(9i)) = (df)( 9i ) + X>l) m+Etllni /(5i, • • • ,9k-i,dg k ,gk+i, -..,9 P ) 
k=i 

taking / = {1, . . . ,p}. 

(2) The composition is associative: for another surjective map K — » J, 
{Wk} an if -family of objects, and hj G PKj({Wk}keKj,Xj) p i, we 

have in P£({W k }, Z) m+ ^ ni+ ^r>J , 

f(9i(hj)) = (-l) E? = l(E '= ll(E ^^ w)K (/(ffi))(^)- 

(3) For any object E 6 C, there is an element ids £ Pp ({S}, -E) with 
<9z<iE = such that for any / G Pj({Xi},Y) n , we have idy(f) = 
Wx i ) = f. 

Remark 2.1.3. The condition for associativity stated above is precisely the 
commutativity of the following diagram. 

Pi({Yi}, Z) ® (g) (Pj< ({*,•},*;) ® (g) PKiHWk^X-)) 
iei jeJi 




P I ({Y i },Z)^^(P Ki ({W k },X j ) 
iei 



(P I ({Y i },Z)®®P Ji ({X j },Y i ))®(g)P Kj ({W k },X j ) 
iei jeJ 




Pj({Xj}, z) ® (g) p A0 ({w fc }, Xj) 

The sign that comes into the associativity condition is to make sure that 9 
is a map of complexes. 

Lemma 2.1.1. If Pf is a pseudo-tensor structure on a DG category C, then 
it induces a pseudo-tensor structure on the homotopy category H°C. 

Proof. Let Pf ° c ({Xi},Y) := H°P?({Xi},Y)*. We want to show that 
PP° C is a pseudo-tensor structure on H°C. Since composition map on P c 
is a map of complexes, we have the map 

iei 
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Associativity of composition is clear and idx £ Z°Pi({X},X) implies that 
its image in H°P^({X}, X) has the required properties. □ 

Lemma 2.1.2. A pseudo-tensor structure Pj({Xi},Y) on a DG category 
C is functorial in each of the 's. The same is true for a pseudo-tensor 
structure on an additive category. 

Proof. Let / : X' k —¥ X k be a morphism of degree m for any k € / = 
{1, . . . , n}. Then, we have a map 

PZ({Xi}? =1 ,Y) ApC({X 1 ,...,X k „ 1 ,X' k ,X k+1 ,...,X n },Y) 

given hy g ^ g(id Xl idx k _ x , f, idx k+1 id Xn ). Note that /* is a 
map of degree m in Cd g (Ah). Clearly, id Xk = id and it follows from the 
associativity of composition that (/i o f 2 )* = /| ° /*• □ 

Corollary 2.1.3. The functor Pf is additive in each component. 

Lemma 2.1.4. If tt : J ~ / is a bijection and the objects {XAj^j is a 
permutation of the objects {Yi}i T such that X w -i^ = Yi, then 

Proof. Since it is a bijection, for any j E J, j = vr _1 (z) for i = 
7r(j) € /. Then, Xj = X n -i^ = Yi = Y^^y Thus we have gi = idy i G 
Pf ({Xjr-ijj)}, Yif and hj = id X] € Pf ({Y^, Xj)°. This gives us maps 

a : Pf({Y t }, Z)* — > P C j({X 3 }, Zf r : Pj^X;}, Zf — > Pf({Y,}, Zf 

given by a(f) = f( 9i ) and r(f') = f'(hj). Then r o = (f(g t ))(h J ) = 
f(9i(hj)) = f{gi o ^-i(i)) = /(idyj = / and similarly, a or = id. Hence, cr 
is an isomorphism with inverse r. □ 

If we have a pseudo-tensor structure on a DG category C, then each 
collection of objects {Aj}j g / in C gives rise to the C-module 

Pf({Xi},_y :C^C(Ab), 

which we may consider as an object of D{C op ). Similarly, each object X of 
C gives us the object Homc(X, _)* of D(C op ), lying in the full subcategory 
K b (C op ). 

Definition 2.1.4. A pseudo-tensor structure is called represent able, if for 
any collection of objects {Aj}j g / in C, there exists an object <g>j g /Aj in C 
and an isomorphism in D(C op ) 

such that for \I\ = 1, the object corresponding to {X\} is X\ and Ar^i is 
the identity. 
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Remark 2.1.5. 1. For an additive category C, a pseudo-tensor structure is 
representable if and only if for any collection of objects {^Q}i<=/ in C, there 
exists an object (gijgjJQ in C and an isomorphism of functors from C to Ab 

: Pi({Xi},_)^Hom c (®ieiX h _). 

2. Suppose a given pseudo-tensor structure on C is representable, via objects 
X\ ® . . . <g) X n and isomorphisms A{Xi} i6I f° r each collection Xi, . . . , X n of 
objects of C. Suppose we have another choice of objects (Xi <g> . . . ® X n )' 
and isomorphisms \'^ x i . Then we have the isomorphism in D(C° P ) 

Hom c ((^ielXi)',_y Hom c (® !e/ I 1 ,_)*; 
in particular, the respective identity maps give us the morphisms in H°C 
f : Xi ® . . . <g> X„ ->■ (Xi ® . . . ® X n )' g : (X ± ® . . . ® Z n )' ->■ Xl <g) . . . <g> X, 
which are inverse isomorphisms in .£f°C, and we have 

A U}* 6 / = A {-Y l } l6 i ° 5- 

Thus, the data {X\ ® ... (81 X n , A/js^Wj) is determined up to canonical iso- 
morphism in ff°C. 

If the Pj are representable, the composition map gives for a surjection 
7r : J -» /, 

ffomc ((g)((g)X,),(g)((g)X,)r®n ^ om c ( (8) X J ■ • *J )"* 

i 

ffome ((g) X, , (g ( (g ) ) m+ ^ 

The image of N®^®^.:^.), H® i6>r .x,)i) under this map is denoted 

e n : ®jajXj — > ® i( zi{® j( zj i X j ) 

Note that e n € Z°Homc(®j£jXj,® i< z I (tgij € j i Xj)). 
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If / : X — > Y and /' : X' — > Y' are morphisms in C, we define a 
morphism / (g) /' as follows. Consider the map 

Hom(Y ® Y', _) <g> Hom(X, Y) ® Hom(X', Y') 

i 

P 2 ({Y,Y'},_)®P 1 ({X},Y)®P 1 ({X'},Y') 

P 2 ({X,X'},_) 
I 

Hom(X ®X',_) 

The image of {idy^y-, f, /') under this map is denoted f <g> f € Hom(X ® 

7T 7T 

Lemma 2.1.5. If K -» J -» I are surjective maps and the pseudo-tensor 
structure is representable, then the following diagram commutes. 



® K X k ®j(®KjX k ) -^U- ®l(®J i (®K j X k )) 




®i(® Ki x k ) 



where J{ = tt 1 (i),Kj = it' l {j),Ki = (tttt') and tt^ := vr'l^ : Ki -» Jj. 

Proof. Commutativity of the above diagram is the same as the com- 
mutativity of the following diagram 

Pj({®ke Kj X k },_) ^ P K ({X k },_) 

(8iV)' 

jeJ^^fceKj^fc)})-) *■ ^l({®fce.FQ-^fc})_) 
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Let / G Pid^jej^keK.Xk)}^), then 

[By definition of e n i] 
= /o( e7r ,o(A^ feWi (^x fc ))W 

[Since A {Xfc}fesKi ( e< o (A{x fc}heKi («W t xJ)) = e< ° ("W^J = e < 
by naturality and A is an isomorphism.] 
= (/ ° (e^)ie/) ° ( A {"i.} fe6Ki ( id ®x i xJ) iG / 

= 6^((® /£< )*(/)) 

□ 

Lemma 2.1.6. Suppose that the pseudo-tensor structure F~ is representable. 
Then e n is an isomorphism for all surjections it if and only if the pseudo- 
tensor structure Pf gives a tensor structure on C. 

PROOF. Clearly if the pseudo-tensor structure gives a tensor structure, 
then the maps are all isomorphisms. 

Conversely, if we have morphisms X -A- Y A Z and X' Y' Z', 
then we have that 

gf®g'f' = ^{x,x'}(.^{z,z'}( id z^z'){gf,g'f')) 

= x {xx'}(( x {z,z'} ( id z®z> ) (g, g')) (/, /')) 

= ^{x,x'y((g ® g')*^{Y,Y'}( idY ® Y '">(f' 

= (g® g')*^{xx'}( x {Y,Y'}^ dYtg>Y '^^ ^)) 

= (g®g')°(f®f). (2.1.1) 

since, by naturality, \{Y,Y'}((g®g')* X {Y,Y>}( idY ® Y '^ = (g®g')*\Y,Y'}( X {Y,Y'}( idY ® Y ' 
g ® g' = ^{Y,Y'}{^z z'}^ 2 ® 2 '}^^'^ anc ^ X {YX'} 15 an isomorphism. The 
associativity isomorphisms are given by the diagrams 

X®{Y ®Z) ^ (X®Y)®Z 




X®Y ®Z 
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We need to check that the following pentagonal diagram commutes: 

{X®Y)®(Z® W) 



X ® (Y ® (Z <8> W)) 



{{X ®Y)®Z)®W 



ei2,3®idw. 



X ®Y ® Z ®W a®id w 



ld X ®£23,. 



X®({Y®Z)® W) 



(X®{Y ®Z))®W 



The upper left triangle commutes since «ix<S>£2,34 = ei,23°ei,2,34 and £12,34 = 
£12,3 ei.2,34 by Lemma 2.1.5. Similarly, the upper right triangle commutes 
too. Again, using Lemma 2.1.5, the lower triangle commutes since idx ® 
£23,4 = £1,23 £1,23,4 and £1,23 <8> idw = £12,3 ei,23,4- The other two triangles 
commute by definition of a and (2.1.1). The pentagon commutes since all 
the inner triangles commute. 

By Lemma 2.1.4, we have the isomorphism ^({^2, Xi},_) — > P2({X\, X2}, 
which along with representability, gives the commutativity constraint tx 1 ,x 2 : 
X\ ® Xi — > X2 <8> X\ . We also need to verify the commutativity of the fol- 
lowing diagram. 



X®(Y®Z) 



{X®Y) 



r (X®Y),Z 



Z®(X®Y) 



X&Y&Z ^ Z®X®Y 




X®(Z®Y) ^ {X ® Z) ® Y (2®i)®y 

01 T X ,z®id Y 

The three inner triangles commute by definition of a. But all the inner 
quadrilaterals commute by Lemma 2.1.5, implying the commutativity of the 
outer hexagon. Hence, <8> gives a tensor structure on C. □ 



2.2. Pseudo-tensor structure on DG complexes 

The goal in this section is to show that a pseudo-tensor structure on a 
DG category C induces a canonical pseudo-tensor structure on the category 
Pre-Tr(C) (see Definition 1.1.1). In section 2.3, we show that, if the original 
pseudo-tensor structure is representable and defines a tensor structure on 
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H°C, then the pseudo-tensor structure on Pre-Tr(C) is representable and 
induces a tensor structure on the category K b {C). 

We begin by defining the induced pseudo-tensor structure on Pre-Tr(C). 

Let £ % = {E),e) k : E\ ->• E)} Ni < j)k < Mi , i E I := {1, ■ ■ . , m} and T = 
{Fk, fjk ■ Fk — > Fj}Ni<j : k<M' be objects in Pre-Tr(C). We define 

P% etl ({£ i }iel,FT= ^({^k-e^'* (2-2.1) 

Ni < ji < Mi 
N' < k < M' 

Let ip = {<Pk,{ji}) G Pm° tv {{£ l }iei , F) n . Then we define 

Wfc.Oi} =(-!)%*,{*} + E fki(<Pl,{ji}) (2-2.2) 

i 

m 

-(-IfE E (- 1 )* Wi ' l) ¥'fc,J(ij ij i)( id ^ ,---,id E i-i ,ei idj^i+x ,...,id E 

where s(i,j i} l) := jH h Ji-i + (ji — i + 1) (ji+l H him) and J(i,ji,l) := 

{j'l, • • • Ji-iJ, Ji+i, ■ ■ ■ ,3m}- We cneck that d 2 = 0- For V 5 as above, 

(3V)*,{«} = C-l)*d(^)*,{i 4 > (2-2.3) 
+ E-M(^)w) (2-2-4) 

m 

t=l Ni<l<Mi 

( 9l P)k,J(i,ja)( id E± ,---,id E i-i ,e\j.,id E i+i ,...,id E ™ X 2 - 2 - 5 ) 

We have, 

(2.2.3) = (-l) fc (^^(-l)^V fe? / 3 K^ {ji} ) + E(- 1 ) M+1 ^(^O i }) 



3m ■ 



d^Pk,j(ij l ,i)(idE 1 ^•••>id E i-i ,e\j.,id E i+i ,...,idsm) 

^1 1 



-(-i) n E E (-i) s(iij< '° ( 

i=l Ni<l<Mi ^ 

+ ( _l)«-A+Ei.-HV M y ii|)( ^ ) . . - .EC-l)^ 1 ^' • • 

P / 

(2.2.4) = E(- 1 )'^(^O i }) + EE^-(^0'0) 

l l m 

-(-!) n E E Eh^^w)^ . - » ^ > 4> ■ ■ ■ . )) 

40 



2.2. Pseudo-tensor structure on DG complexes 



And, 

m 

(2.2.5) = -(-l) n+1 2E(- 1 ) S(U< '°^M(Mi,0( id si ,---,id E i-t Aj.M^ y-Mis*) 

^ 1 J 7 1 J 7 _|_ 1 

1=1 J + 

-(-l) n+1 E E E< , • • • , id^i , ^ , • • • , )) 

J l Ji— 1 

(m 
E E 44.. • • • • "''-T.. i 
i=l Ni<l,p<Mi 

m Mi M q 

E E E (-i) s(i ' {Ji} '' )+s(9 ' J(i ' {Ji} ' ' p) (^,,(^ ( , { , l} ,o, P )(^ • • ■ 4 ^*rJ 

i,q=l l=N lP =N q 

We have s(i, {ji}, I) + s(i,J(i, {ji}, l),p) = jiH h j;-i + (ji + l)(ji+i + 

h jm) + ji H h ji-i + (i - P + l)(ji+i H h jm) = (ji - Ji)(j;+i + 

\- jm) + 2(-jj + J] ji) = s(i, {ji},p) - ji + Ji- NoW ' the last term in 

the expansions of (2.2.3) is: 

m 

i=l I P 

Since the sign of the term <Pk,j(i,{ji}, P ){id E i ^ pl e\ k ,. . . , itfem) is (-l) s (hhi}, P )-3i+123i } 

we can see that the last term in the expansion of (2.2.3) and the penultimate 
term of (2.2.5) cancel each other. For the last term of (2.2.5), note that for 

* < q, 

(<Pk, J( g> J&imip) , ■ ■ ■ , e q pjq ,- ■ ■ , id ETm )){id E i^ e\ u id Efm ) = 
Also, 

s(*>{ji},0 + s(g, J(i,{ji},0)P) - (s(?>{ji})P) + J(q,{ji},p)> 1 )) 

= (ji - l + l)(j 9 - P + 1) + 1 mod 2 

implying that the last sum T,i<i^ q <mT,N i <l<M i Y, Nq < P <M q in the ex P an " 
sion of (2.2.5) is 0. Clearly, all the other terms also cancel each other, giving 
dV = 0. 
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The composition map is denned as follows 



ej 4 ,M J A^(^J^o w -* +Ej ' 4 ®ni e z({^ J } > ^;) n< " l4+E « j< k] 



(2.2.6) 



©j 4lM "■>-' 11,,;!/// [./v;*' 



e„ ©* /^u/// i. /•*;"••» i >: f 



Ji i 5 r etr ({« i },^) m+E ™ < 



where £ is defined as, for <p G pP rctr ({£*}, J - )" 1 and ^ G P£ rotr ({W}, £T 



prctr / 



{vm)k, {kj} = E(- 1 ) 5({Jl} ' {fcj} ' {ni}) ^,ud(^, {fej} )- 

{id 



where S({ji}, {%}, {n*}) = £p=2(E?=i jp(n; - + Ej, %) + (Ej 4 k j)n P )- 
To check that the composition defined above is a map of complexes, note 
that 



{d{vW))) k , {k]} 



{id 

+EE(- 1 ) s({i<},ftWni}) /«(mi i }(4,fe})) ( 2 - 2 - 8 ) 

i Hi) 

_(_l)nH-EniV^^ y^(_l)»(3,{*i}.0+S({3'i}.J(j,{*j}.0.K}) 

i=i J {id 

(^{id^L^fe},')))^^ ' • • • ' • • ■ ' ) ( 2 - 2 - 9 ) 
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whereas 

{(d^W)) K{k]} = J2(-V Si{ji} ' ikj} ' {ni}) ((-V^HnM,^ ( 2 - 2 - 10 ) 
in} 

I 

d 

_(_l) m ^ ^(-_i-) s (P'{ji}'0+(ip- i P+ 1 )(Ei<p( n »-ii+Ej i k i)) 
p=i i 



VkM^iM^v •••• <k c> Lv,r •••• <{*,})) ( 2 - 2 - 12 ) 



and 



£ (.lyn+E^ "i^l, . . . , ^ . . .,^)) k>{kj} (2.2.13) 

p=l 



P=l {Ji} 

((-l)*^}^^}. ■ ■ ■ , ^ {fei} , • • • , < {fc , } ) (2-2.14) 
+ E • • • > i*V>f {fc , } , • • • , < {fcj} ) (2-2.15) 



^k,{j^ jp>J{jt{kjhl) Md H i , . . . ,h? lk ,. . .,id H Pi ) (2.2.16) 

1 Pi 



Comparing signs of the like terms and using the definitions of s and S, 
it follows by easy computation that 



d&W)) = {dipW) + ^(-i) m+ ^ n M^\ ■ ■ ■ , 1> d ) 

P =i 



Next, to check that the composition defined above is associative, note that, 

for surjective maps K -» J -» I, and ip G Pf ctr ({^}, T) m , i/>* G F^ftW}. £T l 
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ancV eP^ tr ({G k },Wp, 

(W))(pO)m«) = E(- 1 ) 5({fcj},te} ' {Pj}) (^^))^ft}(<, {g!} ) 



{Ay} 



= EE(- 1 ) 5(fe} ' {9;} ' te})+5({Jl} ' {fcjKK}) (^(^(^ft}))K J , { , } ) 

{*y} in} 

^(_i) 5({ ^ } ' {( " } 'fe })+5({j ' l} ' { ^ } ' {ni})+E p=i E i<P (E^Cw-^+E i6 ^ <?i))K-ip+E Jp kj) 



{kj} {ji} 



while 

(^V)))*, { «) = E(- 1 ) s(0iM9!},K+Ej<w}) ^m(^(^)kte} 

{ii} 

= ^^(_ 1 ^({i l },{ (?i },K+E Ji P J })+Eti'5({ fc J bej, I {^},{p J } je ./ I ) 



^{A}^*^,. (<,{„})) 

Straightforward computation shows that 

{«}, {"i+Ej ( Pj})+Ei=i 5 '({ fc j}ieJ l > {«}> {Pj}j6Ji) = {<?«}, 

{%}, {ni}) + Ep=i Ei <P (EjSPj ~ k i + Eiei< 3 Qi))( n p-j P + E Jp fcj). 
and hence 

We collect our construction in the following proposition: 

Proposition 2.2.1. Given a pseudo-tensor structure on a DG category 
C, the complexes (2.2.1) with differential (2.2.2) and with composition law 
(2.2.6) define a pseudo-tensor structure on Pre-Tr{C) . 

For later use, we prove the following result: 

Lemma 2.2.2. Let {S 1 , . . .,£ m } be objects of Pre-Tr(C). 

1. Let J- be in Pre-Tr(C). Then 

pr tr {{£\ ■ ■ • , £ m },m) = p% etl ({£\ £ m h -w 

2. Let i/j : T — > Q be a morphism in Z°Pre-Tr(C). Then 

Pr tr ({£\ ■ ■ ■ ,£ m },Cone(V)) = Cone[P^({S\ . . . ,£ m },^) -> ^({S 1 , ■ ■ -,£ m },<?)]- 
Proof. We note that 

p^({£% eI ,T[i]) n = ^w.^r^' 

Ni < ji < M t 
N' - 1 < k < M' - 1 

= P% ctv ({£ l hei,F) n+1 
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Let d\ be the differential on P^, e r ({£*}i e j,.F[l])* and d the differential on 
P% ctT {{£% eI ,P)*. Now, for € P% etT ({£% eI , F[l]) n , it follows by direct 
computation that 

That is, di = d[l}. Thus, P% ctv ({£% eI ,T[l]) = Pr tr ({^} ie /,-F)[l]. 

To see the second assertion, first note that Pm etl ({£ l }iei , G © •7 r [l]) n = 
P^ etr ({£% & i,g) n ®Pl IctT ({£%ei,J r m n as abelian groups. If> = (<^V) G 
C tr ({^} i6 /, Cone(^))" = pP retr ({^} i6 /, S) n © iT tr (P} !6 ;, ^M", we 
check that 

where d is the differential on Cone[P% etl (tf 1 , . . . , £ m }, F) -> P£ retr ({£ x , . . . , £ m }, 0)]. 

□ 

2.3. Pseudo-tensor structure on the category C pretr 

We now suppose that C has the structure of a pseudo-tensor DG category. 
Let £ , {G k }i<k<n be objects in C prctr . Then, we have functors 

Pe,m ■■= P%?({£, S 1 ,..., G n }, iOT e C dg {C°*) 

Proposition 2.3.1. Let £,P,{G k }i<k<n be objects in C pretr and let ip G 
Z°Hom CP rctT(£,J r ). If Pg jgk\ and Pjr sgk\ are representable in C pretr , then 

so is Pcone{tp),{g k } an d * s isomorphic (up to a translation) to the Cone(Pj7^gky — > P £ igk\] 

To prove the above proposition, we begin by proving the following lemma. 
Lemma 2.3.2. Let £,P,t/j,Q k be as above. Then the cone sequence 

-> Cone(ip)[-l] ^£ Cone(ip) ->■ • • • 



m C pretr induces a cone sequence 

p* ^* p* p* p* 



^ P k{G k } — — *" P £,{S fe } Cone(ip*) ^ Pjr^fc-^l]* — 

w Cd g (C op ). Here the map ip* : rgk\ {g k } * s defined by 

(i>*(v>))o,{i,3i,.,j n } = SC- 1 )^ -0 Ei Vo,{iji,...j B }(V'K, *d G i , • • • , itfej, ) 
i 1 

/or^GP* i{0fc} . 
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PROOF. We show that Cone(ip*)[—l] = Pq^^ ^ gk y We have 
P»lf {{Cone^Q 1 ,...^}^))™ = P^ +1 ({mE l+1 , G) x , . . . , G] n }, J»»+*fEi* 



<Jlr-J» 



= © P^ +1 ({F i ,G 1 jl ,...,Gl},_r+ i+ ^ 

Thus, Pcone^)^} = P ™{gk}\-- 1 \ © P r,{g k } as sets - We need to check that 
the differentials are equal to prove equality as complexes of abelian groups. 

Let <p = (^ ijW J e ©,, : /!,({/•- : /w.,.f/J : r;;. }._)- '•>:-. 

As an element of P^ one ^ {gky we have 

-(-irB-i) (MH)E *W *.(( o ) .-.**% ) 



fc=i i k 

Writing i/? = (ip F ip E ^j and denoting the differentials in Pssgk\ [— 1] = -^kriUcjH 
and Pj^sghx by and 9jr respectively, we check that 

/ Q T (_l)m^ X _ 

d " ^ J " ^w-*) 

which completes the proof. □ 

PROOF of Proposition. This follows directly from the lemma. In- 
deed, suppose that {£,{G h }} is represented by (A, X\) and {J 7 , {G k }} is 
represented by (23, A2). Composition with the morphism ip (and the identity 
maps on the Q k ) gives the map in £)((jP retr °p) 

^* '■ P F,{Q k } ~* P £,{G k } 
Via the isomorphisms Aj, tp* induces the map in in D(C P p ) 

ip* : Hom c (B,_)* -»• Hom c {A,_)*; 

thus we have the map V>*(id/?) : A — > 25 in ff°£P rctr which we may lift to a 
morphism ^ in Z°C prctr . Then the lemma shows that Cone^) represents 

P Cone(^),{g k }- D 

We now show that it follows from the above proposition that 

Proposition 2.3.3. The pseudo-tensor structure Pm e r on C pret 
sentable if P^ is representable inC. 
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2.3. Pseudo-tensor structure on the category C prctT 



PROOF. We make use of the fact that C pretr is generated by i(C) by tak- 
ing translations and cones and proceed by induction. First note that by the 
representability assumption, for objects X\, . . . , X m , Y in C, Pm Ctl '({i(X\) , . . . , i(X m )}, 
is representable by the object i(<g>™i^Q), that is, we have a isomorphism 

Pr tr («*i), • • • ,i(Xm)h_T) = P*{{Xx, ■ ■ .,X m },_y) A Hom c (®T=iXi,-T) 

in D(C op ). Thus pP rctr ({i(Xi),... ,i(X m )},_)* is in the full subcategory 
K b (C°P) ess of D(C op ), and the above isomorphism is in K b (C op ) ess . 
We may represent this isomorphism diagram 

P prctr (M*i), • • • ,i(X m )},_)*) A F A Hamc{®T=xXi,_T) 

for some functor F : C —¥ C(Ab), with a and f3 quasi-isomorphisms. Now, 
each functor F : C — > C(Ab) extends canonically to a functor 

F : C prctr C(Ab) 

by taking the total complex of the evident double complex. This extension is 
compatible with translation and taking cones. Thus, if a : F — > F' is a quasi- 
isomorphism in C(C op ), then a extends canonically to a quasi- isomorphism 
in C(C pretrop ). In particular, the isomorphism A extends to the isomorphism 
in D(CP rctrop ) 

A : Pr tr («*i), . . . , i(X m )},_)*) -> Hom c (®T=iXi,-T)- 

By lemma 2.2.2, the canonical extension of Pm etr {{i{X\) , . . . ,i(X m )},_)*) 
agrees with the definition of Pm° tr {{i{X\) , . . . , i(X m )}, _)*) given in sec- 
tion 2.3. 

Let K h (Cy r l ev C D(C) m be the full subcategory of D(C) m with objects 
the m-tuples (£\ . . . , £ m ) of K b {C such that P% ctr {{£ l , . . . , £ m },_) is repre- 
sentable in C pretr . By our above computation, we see that K h {C)™ ep contains 
i(C) m for each to. Also note that 

P% etT ({£\ ■ ..,S k [l],...,£ m },T) = Pr tr ({£\- • ■ ,£ m },T)[-l], 
so K b {C]™ ev is closed under taking translation in each variable. It follows 
from Proposition 2.3.1 that iT fe (C)™ p is closed under the operation of tak- 
ing the cone of a morphism tp : £ % — > F l in the ith variable, and leav- 
ing all other objects the same. Thus K b {C)™ ev = K b (C) m for each to, 
i.e., Pm ez ({£ 1 , • • • ,£ m },_) is representable in CP rctr for all finite collections 
{£\...,£ m } inC prctr . □ 

Lemma 2.3.4. For objects £,F,G k inC prctr , and a morphism tp G Z°HomQ P vcti(£,F) 
if £®G l ®---®G m ^ {£®G l )®---®G m and F®G l ®---®G m ^ 
(F ® G 1 ) ® • • • ® G m are isomorphisms, then so is Cone(tp) ® G 1 ® ■ ■ ■ ® 
g m ^(Cone(T/;) ® 1 ) ® • • • ® G rn ■ 

PROOF. It is enough to show that for objects £, F, G 1 , G 2 in C prctr , and 
a morphism tp G Z°Hom CP rot,(£, F) ii £ ® G 1 ® G 2 ^ {£ ® G 1 ) ® £ 2 and 
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T (g> G 1 <g> G 2 — > (J 7 dS> G 1 ) <£> G 2 are isomorphisms, then so is Cone(tjj) ®Q l <8> 
Q 2 ^(Cone{^)®Q l )®Q 2 . To see this, we start by showing that the following 
diagram commutes 

P 3 prctr ({^ 0\G 2 },_) Pr tT ({£, G\G 2 },J 

e 12,3 

p 2 pretr ({^ ® q\ g 2 },_) — p 2 prctr «£ ® s 1 , s 2 },_) 

For / 6 P 2 ({.F<8>a\S 2 },_), we get e^ 3 (/) = f (id mgl , id g2 ) e P 3 ({P, 1 , S 2 },_ 
where idjr^gi = \~ l F®Q 1 € P2({P, ^J 1 }, P® C/ 1 ), A being the isomorphism 
giving the representation of the pseudo-tensor structure. And V'*( e i2 3 (•/")) = 
(f{id m gi,id g 2))(ip,idgi,idg2) which equals f(id mg i(tp,id g i) ) idg2) by the 
associativity of composition of the pseudo-tensor structure. Going the other 
way, ip*(f) = f (ip ® idgi , idgi) . Then 

e *2,3(^*(/)) = U{'4> ( & id g^idg2))(id m gi,idg2) = f{{il)®id g i)*(id £ ® g i),id g z). 

But note that in P 2 ({£,G 1 },J C ®G 1 ), 

(tfj ® id g i)*(id £(g)g i ) = idjr^gi (V>, idgx ) 

since \((ip®idgi)*(id m gi)) = (i)<8>idgi)*\(id £ % ) gi) = ip®idgi = \{id Fm i(tp,idg 
and A is an isomorphism. This shows that the above diagram commutes. 
Taking the cone of tjj* and using Lemma 2.3.1 and the 5-Lemma gives an 
isomorphism 

Pf ct \{Cone^)®g\G 2 },_) ^ Pr tT {{Cone(^G\G 2 },_) 

which shows that Cone(ip) ® G l ® G 2 -> (Cone(ip) ® t? 1 ) ® £ 2 . 

The same argument shows the general case. □ 

Theorem 2.3.5. If a pseudo-tensor structure P^ on C is representable and 
gives a tensor structure on H°C, then the induced pseudo-tensor structure 
on C prctr is representable and gives a tensor structure on (C). In addi- 
tion, this tensor structure makes the triangulated category K^ g (C) a tensor 
triangulated category. 

Proof. In view of the last proposition and Lemma 2.1.6, we need to 
show that the morphisms 



given by the representable pseudo-tensor structure pP retr ) are isomorphisms 
for all surjective maps ir : J — » I. We prove this by induction. Firstly, we 
note that, 
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is an isomorphism in the homotopy category K dg (C). 

Lemma 2.1.4 along with the representability gives isomorphisms £ l ® 
• • • ® £ m ~ ft 1 ) ® • • • ® £ CT ( m ). Since the category C h dg {C op ) is generated 
by i(C) by taking translations and cones, it follows using the above Lemma 
and applying induction on number of cones taken, that all the e^'s are 
isomorphisms in K dg (C op ). Thus, by Lemma 2.1.6, pP rctr induces a tensor 
structure on K dg (C). 

To show that this makes K dg (C) a tensor triangulated category, we need 
to show that, if 

A -> B -> C -> 

is a distinguished triangle in K dg (C) and X is in K dg (C), then 

A<g>X-)-£(g>X->.C(g>X->.A(g) 

is a distinguished triangle. This follows directly from the compatibility of the 
pseudo-tensor structure on C prctT with cones, as given in proposition 2.3.1, 
since the distinguished triangles in K dg (C) = H°C prctr are those triangles 
isomorphic to the image of a cone sequence in C pretr . □ 

2.4. Pseudo-tensor structure in the category dg e C 

Let □* : Cube —¥ C be a co-cubical object in a tensor category (C, <8>) 
with co- multiplication 5* . Then assigning (X, Y, n) \— > ~Homc(X <g)D n ,Y) de- 
fines a DG category dgC := (C, <g>, □*, 5*). We have as well the DG category 
dg e C with Hom-complexes 

Hom dgeC {X, Y)* := ETotHom c (X ®D*,7® □*) 

and DG functor (1.3.2) F : dgC ->■ d&C. 

In this section, we will define a pseudo-tensor structure on dg e C. Under 
suitable hypotheses on □*, we show that this pseudo-tensor structure is 
representable and defines a tensor structure on H°C. Finally, using our 
results from §2.3 and §1.3.3, we show that we get the structure of a tensor 
triangulated category on K h dg {dg e C) and K b dg {dgC). 

Definition 2.4.1. Let I = {1, . . . , k}, and let X u . . . , X k , Y be in C. 

1. Let Fp({Jf i } ie i,y)(* 1 '-'**)' n be fc-dimensional non-degenerate complex 
associated to the /c-cubical object 

(ai, . . . , o fc ) ^ HorndXx ® ...®X k ®U ai ® ...®U ak ,Y ® D n ). 

2. Let ({Xj}jg7, Y")* be the extended total complex associated to the 
n + 1 dimensional complex Pj ({Xj}j 6 j, y)(* 1 '---.*fe).* ) that is 

p^x^y)™ : = J] if ({Xi^/.yjC 01 --^)-". 

(ai,...,a fe ),n 
n-X), a,i=m 
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Remark 2.4.2. Referring to the extended multi-cubical complexes defined 
in §1.3.4, we have the identity 

P?({Xi} ieI ,Y)* = HomciXt® . 



ext ' 



We now proceed to define the composition law for this pseudo-tensor 
structure. Let ir : J = {l,...,p} — > {1, . . . , 1} = I be a surjection, let 
Xx, . . . , X p , Yi, . . . , Yi, Z be objects of C, and let Ji := 7r~ 1 (f), pi := |Jj|, 
i = 1, . . . ,1. Write 

Ji '■= {j{ > ■ ■ ■ j Jpif'i Jl < ■ ■ ■ < Jpi-i 

and take / € Pf({Y} ieI , Z)^>-^> n , 9i € P£ ({*-•£ }, Y-)^'-' 6 ^^, % = 
1, . . . , I. Let (3 : J\ II . . . II Ji — > {1, . . . ,p} be the bijection sending i to i. 
Let X J - := ® . . . , X.i and let U b ^ := d j l ® . . . , <gO^ 

n : x Jl ® n 6 ^ ® . . . x Jl ® n fe(Ji) -»■ x Jl ® . . . ® x Jl ® n 6(Jl) ® . . . ® n 6 ( Ji ) 

be the symmetry isomorphism permuting the factors and X Ji , let 

r 2 :I Jl ®...®X Jl ^Ii®...®X p 
be the symmetry isomorphism induced by the bijection (3 and let 
r 3 : U b{Jl) ® . . . ® n 6 ^') -> D fel (g . 



be the signed symmetry isomorphism induced by /3, where we give D 6 degree 
6. Similarly, we have the symmetry isomorphism (without sign) 

r 4 : Yi ® U ai ® . . . <g> Y t ® U a ' -> Y x ® . . . ® Yi ® D ai ® . . . ® D ai 

We define / 0?r (gi ® ■ ■ ■ ® as the composition in the following diagram: 

Xi ® • • • ® X D (8) D bl ® • • • (8) 



rj l o(r 2 W 3 



x Ji (g, D 6(Ji) 



gi®...®gi 

Yi ® D ai <g> . . . <8> Y x ® D a; 

□ ai ® . . . ® D a ' 

f 

Z® D n 

Finally, we define the composition law 

:>C/fvl _ i7\* /C?\ r,o,2 dC / r v 1 v\*l v dC / 



Yi 



Y, 



o^pj-aYii^^r^^upxa^KY.n^py^^zr (2.4.1) 
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by associating to a tensor product of sequences (f^,...,^) ® [®!=i (dtf & )]> 
/£,...,«, e if({^W^) (ai '-' ai) '"; n-J> = r 

1 Pi 

3 

the sequence (/£ o* (®{ =1 «# ftl )) 

We record the following result without proof; the proof is a straightfor- 
ward verification. 

Proposition 2.4.1. The maps (2.4.1) are maps of complexes and satisfy 
the associativity property required by a pseudo-tensor structure. 

Theorem 2.4.2. Suppose that the extended co-cubical object □* admits a bi- 
multiplication and is homotopy invariant. Then the pseudo-tensor structure 
on dg e C is representable and induces a tensor structure on H°dg e C 

Proof. From remark 2.4.2, we have the identity 

P?({Xi} ieI , Y)* = Horned ® . . . ® X k ,Y)* kfixt , 
By proposition 1.3.4 we have the natural quasi-isomorphism 
Afc,i,ext : Ham c {X 1 ® . . . ® Y)* ext -> Hom c {X 1 ® . . . ® X fe , Y)£ ext ; 
by definition, we have 

Rom c {X x ® . . . ® y)^ ext = ffom dfleC (Xi ® . . . ® X fe , Y)*, 

thus, Pf({^i}ig/,_)* is represented by X\ ® . . . ® X^. 

The assertion that the induced representable pseudo-tensor structure on 
H°dg e C is a tensor structure, i.e., that for each surjection it : J -» I, the 
induced map 

e n : ®j & jXj — > ® ie /(®j e j i Xj) 

is an isomorphism in H°dg e C. For this, it follows immediately from the 
definition of the quasi-isomorphism \ ex t and the composition law for the 
pseudo-tensor structure that the map e n is just the evident commutativity 
constraint in the tensor category C, and is thus an isomorphism. □ 

By the results of §2.2, the pseudo-tensor structure Pf ({Xj}j e /,_)* we 
have defined on dg e C gives rise to a pseudo-tensor structure Pp pr ° r ({X}j g /,_)* 
on C pretr . 

Corollary 2.4.3. Suppose that the extended co-cubical object □* admits a 
bi-multiplication and is homotopy invariant. Then the induced pseudo-tensor 
structure Pj {{Xi}i£i,_j* on dg e C p is representable and gives rise 

to a tensor structure on the homotopy category K b (dg e C), making K b (dg e C) 
a tensor triangulated category. 

Proof. This follows from theorem 2.3.5 and theorem 2.4.2. □ 
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Remark 2.4.3. Suppose that co-cubical object □* admits a bi-multiplication 
and is homotopy invariant. By proposition 1.3.3, the functor (1.3.2) F : 
dgC — > dg e C is a quasi-equi valence. Thus, by proposition 1.1.3, we have an 
equivalence of triangulated categories 

K\F) : K\dgC) -> K b {dg e C). 

Thus, the tensor structure on K b (dg e C) gives rise to a tensor structure on 
K b (dgC), making K b (dgC) a tensor triangulated category. 

Definition 2.4.4. Let □* be a homotopy- invariant extended co-cubical ob- 
ject with bi-multiplication in a tensor category C and C is Q-linear. Note 
that the symmetric group S n acts on Homc{X <g> \D n ,Y ® □*) through the 
permutation action on n (and hence □"). Let 

Hom c (X ® D n ,y) alt C Hom c (X ® U n ,Y) 

be the subcomplex on which S n acts by the sign representation. We define 
a pseudo-tensor structure on dg e C given by 

alt Pf({Xi} ieI ,Y) n := Homc^iX, ® □ Y) alt 

Let alt : Hom c (® ie iXi <g> □", F) -> Hom c (®ieiXi ® D n , Y) alt be the map 

alt = alt n = i- V(-ir 9ri(p V*- 
n! ^ 

The composition law o alt for the pseudo-tensor structure is the composition 
o alt : Homc({®ieiY i ),Z)f tp ^Homc({® je j l X J ),Y i )f t ^ A HomcifaejXj) 

^Hom c {{® 3&J X 3 ),Z)f p+ ^ 

where 5 is defined as follows: 

id®x j <8>8q 1 ,...,q k ,p 

® jeJ Xj g> D? 1 ® . . . <g> □» ® DP 

T 

gi®...®S(®idnp 
® . . . <g> Y fc ® 
/ 

Z 
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It follows from [Lev09, Proposition 1.14] that this is indeed a pseudo- 
tensor structure. In fact, this is the pseudo-tensor structure induced by the 
tensor structure on (C, <g>, □*, <5) alt defined in [Lev09, § 1.7]. 

Proposition 2.4.4. 1. The pseudo-tensor structure alt P^ is representable. 

2. For C = Corsq, alt p^ orsQ induces the same tensor structure on 
H°dg e Cor s as P° ° rsQ . 

Proof. (1): It follows from [Lev09, Proposition 1.7] that the inclusion 
Homc^ieiXi^Y)^* -> Hom c {®i^X u Y)\ 

is a quasi-isomorphism. Also, by Proposition 1.3.3, F^ ieI x u Y '■ Homc{®i^iXi,Y)\ — > 
Homdg e c{®i&iXi,Y)* is a quasi-isomorphism. Thus, alt Pp({Xj}j g /,_)* is 
representable by ®j e /Jfj. 

(2): The map alt : Homc{®iuXi, Y)\ -> Hom c {®i & iX i: Y)f u is a quasi- 
isomorphism for C = Corsq (see [Lev94, Theorem 4.11]). We have the 
quasi-isomorphism 

p Cors Q{{XihY y 4 Homcors^X^YK % Homcors^X^Y)*^ = ^Pf^ax&Y)* 
given as 

k 

11 Hom C or SQ (<g)X i (g)a a i ®---®n a *,Y®a m ) 4 Homc r 8Q (®X i ®n- p ,Y) 

m—J2">i=P i=1 

J2 a i=~P 

By Proposition 1.3.3 and Proposition 1.3.4, we get that i is a quasi-isomorphisms. 
Also, it follows from the definition of the composition laws that t(f(gi)) = 
4/)°0(f0)- Thus, 

alt (4/0/0)) = alt(4/)6( t ( 5 0)) 

= alt(alt( t (/))5(alt(4 5i )))) 

= alt( t (/))o alt (alt(6( 5 0)) 
Hence the quasi-isomorphism alt o i is compatible with the composition laws 
of the two pseudo-tensor structures. □ 
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CHAPTER 3 



Tensor Structure on Smooth Motives 

3.1. Main Theorem 

Let S be a fixed regular scheme of finite Krull dimension, giving us the 
DG categories dgCorg and dg e Cor$. 

Theorem 3.1.1. There is a pseudo-tensor structure on dg e Corg retr inducing 
the structure of a tensor triangulated category on the equivalent triangulated 
categories K h dg {dg e C or s) and K h dg {dgC or s) ■ 

Proof. By proposition 1.4.1, the co-cubical object admits a bi- 
multiplication and is homotopy invariant. Thus we may apply corollary 2.4.3 
and remark 2.4.3 to complete the proof. □ 

Corollary 3.1.2. Suppose that the base scheme S is a semi-local regular 
scheme over a field k of characteristic zero. Then the tensor structure on 
K dg (dgCors) extends canonically to give the categories SmMot g ^ n (S) and 
SmMot grn {S) the structure of tensor triangulated categories. 

Proof. Recall that PrCor$ is the full subcategory of Cors with ob- 
jects the smooth projective S'-schemes, giving us the full DG subcategory 
dgPrCorg of dgCor$ with objects in PrCors, and the full DG subcat- 
egory dg e PrCorg of dg e Cor$ similarly defined. Since PrCors is a sub- 
tensor category, the pseudo-tensor structure we have defined on dg e Cors 
restricts to a pseudo-tensor structure on dg e PrCors, giving us a pseudo- 
tensor structure on the full DG subcategory dg e PrCor s TCtT of dg e Cor s Tetr . 
Thus, as the pseudo-tensor structure on dg e Cor^ re r gives us by theorem 3.1.1 
the structure of a tensor triangulated category on the homotopy category 
K dg (dg e C 'or s) , the same holds for the full triangulated subcategory K h dg (dg e PrCors) 
oiK b dg {dg e Cor s ). 

This tensor triangulated structure passes to the pseudo-abelian hull 
SmMotf n (S) of 

K h dg (dg e PrC or s) and, after inverting (g)L, on SmMot gm {S). □ 

Remark 3.1.1. Taking S = Spec (A:) in corollary 3.1.2 gives us a tensor 
structure on Bondarko's category of motives. 

Corollary 3.1.3. Working with Q- coefficients, the tensor structure we de- 
fined on SmMotg^ n (S)Q agrees with the one defined by Levine in [Lev09]. 



55 



3.2. Future directions 



Proof. Working with Q-coefficients, we get a tensor structure on the 
category SmMot c ^ n {S)i^ when S is semi-local and smooth over a field of 

characteristic 0. The pseudo-tensor structure alt p^ orsQ defined in Defini- 
tion 2.4.4 is induced by the tensor structure on dgCorsQ defined in [Lev09, 
§ 1.7]. Thus by part (2) of Proposition 2.4.4, it follows that the tensor struc- 
ture on SmMotg^ n (S)Q defined by Levine coincides with the one induced by 
the pseudo-tensor structure described in Theorem 3.1.1. □ 

3.2. Future directions 

The first question that arises is the one of extending our main result 
corollary 3.1.2 to an arbitrary regular base scheme S. The obstruction to this 
is the extension of a pseudo-tensor structure on a presheaf of DG categories 
U i — y C(U) on a topological space X to a pseudo-tensor structure on the 
Godement resolution RT(X,C). 

Another question would be if, for X £ Proj s of dimension d, X i— > 
X D := X (g> L rf gives an exact duality 

D : SmMot gm {S) op -»• SmMot gm (S) 

Cisinski-Deglise ([CD07]) have defined a tensor triangulated category 
of effective motives over a base-scheme S, DM (S), and a tensor trian- 
gulated category of motives over S, DM(S), with an exact tensor functor 
DM cS (S) ->• DM(S) that inverts <g>L (see also [Voe08]). Levine ([Lev09]) 
defined exact functors 

pf : SmMotf m (S) DM eS (S), Ps : SmMot gm (S) -> DM(S) 

which give equivalences of SmMot c g ^ n (S), SmMot gm (S) with the full trian- 
gulated subcategories of DM eS (S) and DM(S) generated by the motives of 
smooth projective S'-schemes, resp. the Tate twists of smooth projective S- 
schemes. It would be interesting to check if these are equivalences of tensor 
triangulated categories. 

I would also try to define realization functors on SmMot gm {S) to the 
derived category of local systems of abelian groups on S an , such that this 
would be an exact tensor functor. 
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